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The double-Mach reflection (DMR) of oblique shock waves in pseudo-stationary flows has been investigated.
The equations of motion of the first and second triple point were formulated, as well as the relative motion
between these two triple points. The equation of motion for each triple point consists of 14 nonlinear algebraic
equations. An analytical method of solution is presented. Consequently, for the first time a complete analytical
solution of a DMR is given. Utilizing this analytical solution a method for predicting the second triple-point
trajectory angle is developed. The analytical results are compared with experiments that were performed on the

10 X 18 cm Hypervelocity Shock Tube at the University of Toronto Institute for Aeronautical Studies. Good

agreement was obtained.

Introduction

HEN a planar moving-incident shock wave encounters

a sharp compressive corner in a shock tube, four
different shock-wave reflections can occur, depending upon
the Mach number of the incident shock wave M, the corner
wedge angle #,,, and the initial thermodynamic state of the gas
(i.e., temperature 7, and pressure P,), although for a perfect
gas this is not required. The four different shock-wave
reflections are shown in Fig. 1: a) regular reflection (RR), b)
single-Mach reflection (SMR), ¢) complex-Mach reflectlon
(CMR), and d) double-Mach reflection (DMR).

Although these four reflections were all observed by 1951,
their domains and transitions in both diatomic! and
monatomic? gases have been established analytically and
experimentally only recently. This was done by solving the 14
nonlinear oblique-shock-wave equations that describe the
triple point of SMR, CMR, and DMR analytically for both
perfect and imperfect monatomic and diatomic gases. This
unique method of solution is presented subsequently.

Figure 2 represents the domains and transition boundaries
of nonstationary oblique-shock-wave diffractions in the
M,,0,) plane for imperfect nitrogen (P,=15 Torr,
T,=300K). It is seen that in the range 1<M <10 two dif-
ferent diffractions of DMR are possible. In one of them the
shock wave at the wedge corner is detached (region 6), while
in the other it is attached (region 7). Further details con-
cerning this figure can be found in Refs. 1 and 3.

Unlike RR and SMR, which are understood and well
covered analytically and experimentally in the literature, 1-2°
CMR and DMR have been treated mainly experimentally
[Refs. 5 and 9 (discovery of CMR and DMR, respectively),
13-15, and 18]. Since in all of these works the main emphasis
was on deducing quantitative results from experiments, CMR
and DMR were somewhat ignored analytically. Consequently,
it was decided to undertake a detailed study of the DMR in an
effort to bring more light and understanding into this com-
plicated reflection. We believe the major reason that CMR
and DMR have not been as well treated as RR and SMR is
probably due to the difficulty arising from the fact that in
order to treat them correctly, one has to attach the frame of
reference to the kink K of a CMR or the second triple point T,
of a DMR. Consequently; the correct transformation from
the first triple point T to the second triple point 7', should be
understood and formulated. To the best of our knowledge this
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transformation has never been reported. During the course of
the present research we were able to formulate this trans-
formation correctly. As a consequence, an analytical method
for the prediction of the second triple-point trajectory angle
x’ was developed. This method complements the analytical
method reported by Ben-Dor and Glass!? for the prediction
of the first triple-point trajectory angle x. The analytical
predictions were substantiated by experimental results which
were obtained in the 10 x 18 cm UTIAS Hypervelocity Shock
Tube.

Analysis
It has been shown by Ben-Dor and Glass! that, in order for
a DMR to form, the flow.in region 2 behind the reflected
shock wave R should become supersonic with respect to the
kink K of a CMR (Figs. 1c and 1d). Consequently, if M; is the
Mach number of the flow in region (i) with respect to (), the
CMR = DMR transition criterion is:

My =1 0y

It is worthwhile mentioning that it was further found that the
transition boundary line arising from this criterion can also be

Fig. 1 Four possible oblique-shock-wave reflections. Interferograms
(A=6943 A) were taken with 23-cm-diam field of view Mach-Zehnder
Interferometer in the UTIAS 10 x 18 cm Hypervelocity Shock Tube
for nitrogen at initial pressure P, = 15 Torr and temperature T, = 300
K. 1, I, =incident shock waves; R, R, =reflected shock waves; M,
M; =Mach stems; S, S; =slipstreams; T, T'; = triple points; K =kink;
X, X’ =triple point trajectory angles; 0-5 =thermodynamic states. a)
Regular reflection (RR), wedge angle 0, =60 deg, shock Mach
number M, =4.68; b) single-Mach reflection (SMR), 6, =10 deg,
M;=4.72; ¢) complex-Mach reflection (CMR), 6§, =20 deg,
M, =6.90; d) double-Mach reflection (DMR), 0,, =40 deg, M, = 3.76.
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Fig. 2 Domains of different oblique-shock-wave diffractions in
(M,,0,,) plane (lines are for imperfect nitrogen with P, = 15 Torr and
T,=300 K): 1) RR with detached shock wave at wedge corner
(detached RR), 2) detached SMR, 3) attached SMR, 4) detached
CMR, 5) attached CMR, 6) detached DMR, 7) attached DMR.

Fig. 3 Schematic diagram of DMR configuration: I, 7 » R Ry, M,
M, S 8, T, T;, x, x', 0,, states 0-5 as defined in Fig. 1; 0, =ef-
fective wedge angle §, =0, +x.

described quite well by:
M, =1.30 (la)

A detailed shock-wave configuration of a DMR is shown in
Fig. 3. Two three-shock confluences (triple points) 7" and 7,
are clearly seen. Each consist of three shock waves (I,R,M,
and R,R,,M,, respectively) and one slipstream (S and S,).
The first shock wave is usually termed incident, the second
reflected, and the third Mach stem. Note that while R is the
reflected shock wave of the first triple point 7, it is the in-
cident shock wave of the second three-shock confluence 7.
Each slipstream separates two different thermodynamic states
with equal pressure and flow direction. The shock-wave
configuration is self-similar826 and since it started to grow
from the moment the incident shock wave I collided with the
compression corner, the triple points 7and T, should move in
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the laboratory coordinates along straight lines emanating
from the corner. These two lines form the corresponding
triple-point trajectory angles x and x * with the wedge surface.

Analytical Formulation

In a frame of reference attached to the first triple point, the
incident and reflected shock waves (f and R) and the Mach
stem (M) can be treated using steady-flow theory. Using the
well-known oblique-shock-wave relations across 1, R, and M
one obtains for I:

potand, =p,tan(é, —9,) @)
0oUpsing,; =p, U;sin(¢p; —0,) (€)]
Py+p,Ussin?g, =P, +p,U3sin? (¢, —0)) )]
hy+ #U3sin?g, =h, + 12 UZsin? (¢, —6,) )

for R:
p,tang, =p,tan (¢, —0,) (6)
pIU,sin¢2=p2Uzsin(¢2—02) @)
P,+p,U3sin’¢, =P, +p,Usin? (¢, —0,) 8)
h;+ % U3sin?¢, =h, + 4 UZsin? (¢, —0,) ®

for M.
potang; =p tan(e; —0;) (10)
poUpsing; =p; Ussin(¢; —03) (11
Py+p,U2sin’¢;=P;+p;U3sin? (¢;—0;) (12)
ho+ 16U3sin?¢; =h; + 4 U3sin? (¢;—6;) (13)

and the boundary conditions across the slipstream S imply:
P,=P, (14)
0;=0,+0, (15)

where p;, P;,h;, and U, are the density, pressure, enthalpy, and
absolute flow velocity in state (/) and ¢; is the angle of in-
cidence between the flow and the shock wave through which
the flow is deflected by an angle of 6, to become state (7).

It has been shown by Henderson!! and Ben-Dor and Glass!
that two different families of triple-point solutions are
possible. The usual one, in which 7 and R deflect the flow
passing through them in opposite directions so that §;,=60, —
6,, and one in which the flow deflections through 7and R are
in the same direction, i.e., #; =0, +8,. For the former family
the minus sign is used in Eq. (15), and the plus sign applies for
the latter. The correct criteria for differing between these two
families a priori were calculated by Ben-Dor? for both perfect
and imperfect, monatomic and diatomic gases.

The above 14 equations [Egs. (2-15)] consist of 22 in-
dependent variables (0,,0,,03,0,P;,P5,P3, P ,h by 0y by,
U,,U,,U, Uy 1,9,,65,0,,8,, and 6;). Consequently, in
general, 8 of these 22 parameters should be known in order to
solve the remaining 14. However, if thermodynamic
equilibrium is assumed, p;, P;, and h; are no longer in-
dependent, since under these circumstances two ther-
modynamic properties are sufficient to define a state. As a
consequence, 4 out of the above 12 thermodynamic variables
vanish and one is left with 18 unknowns. Since there are 14
equations, only 4 parameters should be defined in order to
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calculate the remaining 14. The four chosen parameters are
the flow pressure P, and temperature 7, ahead of the incident
shock wave, the flow velocity U,[U,= U, sec (8, +x) where
U, is the velocity of the incident shock wave], and the angle of
incidence ¢, between the flow in region 0 and the incident
shock wave I [¢; =90 —(8,, +x)]. It is worth mentioning that
upon assuming a calorically and thermally perfect gas,
Henderson !! was able to reduce the above set of equations to
a single polynomial of degree 10. The polynomial coefficients
were taken to be functions of y, M,, and P,/P,. (For further
details, see Ref. 11.)

When real gas effects are considered, Eqgs. (2-15) cannot be
simplified and the 14 nonlinear equations must be solved. A
unique method of solution recently developed by the present
author is described as follows. It makes use of the fact that
Eqgs. (2-15) consist of three identical sets of equations (2-5, 6-
9, and 10-13). The first set [Eqs. (2-5)] involve eight variables:
P,, T,, Uy, and ¢, on the left-hand side (LHS) and P,, T,
U,, and 6§, on the right-hand side (RHS). Note that Pand T
are selected as the two independent thermodynamic properties
that are required to define a state, i.e., p=p (P,T) and
h=h(P,T). Since the variables in the LHS are all known, the
RHS can be solved to obtain P,, T;, U,, and 8,. The second
set [Eqs. 6-9)] consists again of eight variables: P,, T;, U,
and ¢, on the LHS and P,, T,, U,, and 6, on the RHS.
Unlike the first set where all of the LHS parameters were
known, here only P,, T,, and U, (obtained from the solution
of the first set) are known. However, if one guesses the value
of ¢,, this set becomes identical to the first set and can be
solved in the same way to obtain P,, T,, U,, and 8,. The third
set consists again of eight variables; Py, T,, U,, and ¢; on the
LHS and P;, T,, Uj, and 6; on the RHS. Like the second set
only three out of the four LHS parameters are known (P, T,
and U,). Upon guessing the value of ¢; this set also becomes
identical to the first set and is solved in the same fashion to
give P;, T;, U;, and 8;. In the foregoing solution procedure
two values have been guessed, ¢, and ¢,. The correct values
of ¢, and ¢; are those which will result in values of
P, P;,0,,0,, and 8, that will satisfy the boundary conditions
[Eqs. (14) and (15)]. For further details and computer
programs concerning the solution of Eqs. (2-15), see Ref. 3.

The analytical formulation of the second triple point is
based upon the above mentioned similarity of the flowfields
associated with the first and second triple points and upon an
empirical approximation for the relative motion of the second
triple point. Consider Figs. 4a and 4b which describe the
flowfields in the vicinity of T and T,, respectively. Let the
notation b=g¢ mean that symbol b in Fig. 4b is equivalent
(analogous) to symbol a in Fig. 4a. Following this notation
one can write; state (1) =state (0), state (2) =state (1), state
(5) =state (2), state (4) =state (3);

R=I, R,=R, M,=M, §,=S;
U=U,, U;=U,, Ui=U,, U;=U;
0;=0,, 05=0,, 0;=0;;
and finally,
=0, ¢;=¢, and ¢;=¢;
Applying this analogy to Eqs. (2-15) results in the oblique-

shock-wave equations that describe the second triple point,
i.e.,

for R:
ptang; =p,tan(o; —0;) (16)
p,U;sing; =p,U;sin(¢; —03) 17
P, +p,Upsin2¢5 =P, +p,U?sin? (¢;—03) 18)
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a)
Fig. 4 Similarity between flowfields
in vicinity of triple points 7 and 7,: a)
flow in vicinity of T, b) flow in vicinity
of T,.

h,+ BUPsin?¢g;=h,+ 12 Ugsin? (¢ —03) (19)
for R,:

pytang; =p tan(d; —05) 20)

p,Ussing =pUjsin(p; —0;) (21)

P,+p,Usin?¢p;=P;+p,UPsin’ (¢ —0}) (22)

h,+ BUPsin?¢;=h;+ 11 Usin? (¢5—05) (23)
forM,:

p tand; =p tan(p; —0;) 24

p Ujsing =p, Uisin(é; —0;) 2%

P,+p,Upsin?¢;=P,+p,U?sin? (¢, —8)) (26)

h,+ UPsin?g,=h,+ 1 UZsin? (¢, —6)) N

And finally the boundary conditions across S, are:
Ps=P, 28)
0;=05F0; 29)

The prime denotes that the properties are measured with
respect to the second triple point. It is omitted from the
thermodynamic properties since they do not depend upon the
frame of reference from which they are calculated.

Since Eqgs. (16-29) are identical in their form to Egs. (2-15),
they can be solved using the same procedure. To do so, the
LHS parameters of the first set [Eqgs. (16-19)] should be
known. The thermodynamic parameters P, and T, are known
from the solution of Eqs. (2-15). Therefore, only U; and ¢}
need to be calculated. Their calculation involves a trans-
formation of the already calculated values of U, and ¢, from
a frame of reference attached to T to a frame of reference
attached to 7.

The self-similarity of the reflection phenomenon?é (i.e., the
fact that any point on the wave configuration having a radius
vector 7 with the corner as origin is transformed to a new
point c¢7 where ¢ is a scalar constant) implies that the angles
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Fig. 5 Relative motion of second triple point 7', with respect to first
triple point 7.

between the shock waves do not change. Consequently, the
second triple point 7, moves along a line formed by the
reflected shock wave R with respect to the first triple point 7.

Consider Fig. 5a in which 7 moves with the velocity ¥, , in
the laboratory frame of reference, along a line inclined at an
angle x to the wedge. The second triple point 7, moves along
the the line defined by R with the velocity V', with respect to
T. In the laboratory frame of reference 7, moves along a line
inclined at an angle x’ to the wedge surface with velocity
I_/TI .- Simple vector analysis yields:

1 Vy | =Uosec ¢, (30)

(Note 1V, | = U, by definition.) If the distance traveled by I
from the moment it collided with the wedge corner is L., then
the time passed is:

LS
Ar= 2 31)

5

and the velocity of T with respectto T;:

7% __LT1 _LTI —
Wil =0t =74 U =LU; (32)

s
where L, is the distance between T'and T, and L is defined as
Ly, /L.

Law and Glass!® have developed an analytical method by
which the location of T, can be predicted in fairly good
agreement with experiments. In their analysis they assumed
the Mach stem to be straight and perpendicular to the wedge
surface. Consequently, they arrived at the following empirical
relation 13

Lp=L,[1—(py/p;)] (33)
where L, and L are defined in Fig. 5a. This result was later

found by Bazhenova, et al.,!® to be very good in the range
6, <40 deg and fairly good elsewhere. Applying this result we
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vy,

Fig. 6 Schematic diagram illustrating change in dynamic properties
as measured from second triple point T;, due to its motion with
respect to first triple point 7.

calculate:
L=(py/p;)cosec (¢, +¢,—0,) (34)

Inserting Eq. (34) into Eq. (32) yields:
”_/r,r' =(po/p,;) U,cosec (¢, +¢,—8,) (35)

Consider now Fig. 6 in which 7, moves along the x axis
(defined along the reflected shock wave R) at velocity Vrr
with respect to 7. Simple vector analysis yields that:

Vir,=Vircos¢, = Vr r
Vir, = Virsing,

where V,; is the flow velocity in region 1 with respect to T’
(.e., V;r=U,;) and Vi, and Vj;, are the x and y com-
ponents of the velocity of the flow in state 1 with respect to
T,, i.e., the x and y components of U;. The value of U; then
becomes:

U;=[(V)1(T1)2+(V}1}r1)2]%

=(Ui+ V3 —2U,Vr rcosp,) * (36)

whereas the value of ¢; is:

U,sing, >

vy
¢§=tan"—ir’ =tan ~/ ( O ey
V: Ujcosg, =V r

1Ty

37

Inserting the value of V', from Eq. (35) into Egs. (36) and
(37) finally results in

02 _ . _ )
U}=U,[1+ sin’ (¢, —6,) 25m(¢, 0,)cos¢2]/(38)

sin? (¢, +¢,-6;,)  sin(¢,+d,—0,)

sing,
cos¢, —sin(¢,; —0,)cosec(dp, +¢, —0,)

¢5=tan—1[ ] (39)

Using trigonometric functions Eq. (39) can be simplified to:

¢;=¢,+¢,—0, (40)

Since all the variables in Egs. (38) and (40) are known once
Eqgs. (2-15) are solved, one can calculate U; and ¢;. Con-
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sequently, the four parameters required for solving Eqgs. (16-
29) are analytically determined, and Eqgs. (16-19) can be
solved by the method presented earlier for the solution of Eqgs.
(2-15).

Prediction of Second Triple-Point Trajectory
It is clear from Fig. 5a that

x =90deg -8, —¢; 41)

The velocity of T, with respect to the laboratory frame of
reference can be written as

Ve =VrrtVo

where V7, is the velocity of T, with respect to T and ¥V, is
the velocity of T with respect to the laboratory frame of
reference. Using the x, y coordinates of Fig. Sa, the x and y
components of ¥, can be expressed as follows:

Vi, =Vysing, — Vp zsinw (42)

Vi,L=ViLcos, + Vr rcosw 43)

where w is the angle between the incident and reflected shock
waves ({and R).

If the frame of reference is attached to T, the angle of

incidence ¢ between the flow in state 0 and the incident shock
wave is:

o;=tan ! (V§,./V%,)

Inserting Eqs. (42) and (43) into the above expression and
making use of Egs. (30) and (32) results in

1—Lsi
67 =tan ! [————Sln“’ | (44)
cote; + Lecosw
The angle w can be expressed using Fig. 5b as follows
w=180deg — (¢, +¢,—0,) (45)
Inserting Eqs. (34) and (45) into Eq. (44) yields
11—
¢;=tan—l[ Polp; ] (46)
cotp; — (py/p,;)cot(d, +¢,—0,)
Upon inserting Eq. (46) into Eq. (41) one finally obtains
11—
X/=90deg—0w—tan”1[ Polb; ]
cotp,; — (pg/p;)cot(ep, +¢,—8,)
“7

Thus for a set of given initial conditions P,, T,, M, and
8,,, the value of x (the first triple-point trajectory angle) can
be calculated using the appropriate method.!? Once x is
known, ¢, =90 deg—8,—x and M,=M.cosec ¢, are ob-
tained and Egs. (2-15) can be solved since all the LHS
parameters of Eqs. (2-5) are defined. The solution of Eqs. (2-
15) provides the parameters required to calculate U; and ¢;
from Egs. (38) and (40), respectively, that are needed for
solving Eqgs. (16-29) and to calculate x’ from Eq. (47).

The dependence of the second triple-point trajectory angle
x’ upon the actual wedge angle 8, for constant M, for perfect
and imperfect gases (P,=15 Torr, T, =300 K) is shown in
Figs. 7a and 7b, respectively. It is seen that x’ decreases as 8,
and M, increase. The curves corresponding to M, =3 and 10
are reproduced in Fig. 7c in order to examine the dependence
of x' upon the real gas effect. Figure 7¢ indicates that real gas
effects increase the value of x’. The stronger they are (i.e., the
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Fig. 7 Variation of second triple point x’ with wedge angle 6,, for a
given incident shock-wave Mach number M, : a) perfect diatomic gas
v=1/5; b) imperfect nitrogen P, =15 Torr, T,=300 K; ¢) com-
parison between perfect and imperfect nitrogen for weak (M, =3) and
strong (M, = 10) incident shock waves.
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Fig. 8 Variation of x’ with M, for a given 6, (6, =0, +x): solid
lines show imperfect nitrogen, P, =15 Torr, T, =300 K; dashed lines
show perfect diatomic gas y=7/5.

stronger M) the more they contribute to the value of x’. The
value of x’ as a function of the effective wedge angle
6,0, +x or 8, =90 deg —¢,) and the incident shock-wave
Mach number M, for both perfect and imperfect nitrogen is
shown in Fig. 8. Again it is seen that the imperfect gas value
of x’ is greater than the perfect gas value. The larger M| the
larger the difference between these two values is. It is im-
portant to note that as M, increases the imperfect gas lines
(solid) level out, resulting in a situation in which x’ is in-
dependent of M, i.e., x’ =x'(0;,) only. This is not the case
for a perfect gas, where x* continues to decrease as M, in-
creases. The value of x’ as a function of M, with the actual
wedge angle 8, as a parameter is shown in Fig. 9. The dashed
lines are again for perfect nitrogen and the solid line for
imperfect nitrogen at P, =15 Torr and T, =300 K. Figure 9
indicates that for imperfect gases, x’ becomes independent of
M, at a high Mach number, resulting in a situation where
x’=x'(8,) only. It is worth mentioning again that Figs. 7-9
were obtained analytically by solving Egs. (2-15) and (47).
Since Egs. (2-15) also describe a SMR, values of x’ can also
be obtained mathematically for cases where DMR does not
exist by simply inserting the required values into Eq. (47). To
the best of our understanding, these values have no physical
meaning. However, it was decided to plot the resultant values
of x’ for this case as well.

Graphical Solution of DMR

Like the analytical solution of DMR, the graphical solution
is also done in two steps: first, the frame is reference is at-
tached to the first triple point 7 and then it is attached to the
second triple point T,. First the 7 and R polars (Fig. 10a) are
drawn in the same way they are drawn for SMR.3!% States 2
and 3 of Fig. 3 are at the point where [ and R polars intersect.
Note that all flow directions are measured with respect to the
first triple-point trajectory, i.e., 8, =0 since the flow in state 0
moves parallel to the first triple-point trajectory and 6, =6;
since the flows in both sides of the slipstream are parallel.
Consider Fig. 10b in which 6 and 6’ are two angles
corresponding to an arbitrary direction measured from two
different frames of reference at 7 and T, respectively.

Geometrical consideration yields

0=0"+ (x"—x) (48)
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Fig. 9 Variation of x’ with M for given 6, : solid lines show im-

perfect nitrogen Py =15 Torr, T, =300 K; dashed lines show perfect
diatomic gas.

or alternatively
0=0"+ (¢, - o) (49)

where ¢, =90 deg—(0,, +x) and ¢; =90 deg— (0, +x’) and
¢; is given by Eq. (46). Consequently, state 1 in a frame of
reference attached to T, isat 0;=6,— (¢, —¢;) and P; =P,
(no change in thermodynamic properties while changing the
frame of reference). The flow Mach number in state 1 with
respect to 7, is obtained from Eq. (38) by dividing both the
LHS and the RHS by the speed of sound a,. States 2 and 3 are
in a frame of reference attached to T, i.e., states 2’ and 3’
are at the point where a constant pressure line drawn from
states 2 and 3 intersects the R’ polar that corresponds to M;
and is drawn from state 1. Once state 2’ is known the R,
polar corresponding to M;, P;=P,, and T;=T, is drawn.
States 4’ and 5’ are at the point where the R, polar intersects
the R’ polar.

It should be mentioned that Henderson and Lozzi!6
presented a graphical solution of DMR. Unfortunately,
however, their solution fails to account for the fact that the
flows in states 1 and 2 move more slowly with respect to T,
than they do with respect to T, owing to the relative motion
between 7 and T,. Their solution would be correct if the
reflection process was steady and not pseudosteady as it is.
Consequently, to the best of our knowledge, this is the first
time that a graphical solution for DMR is presented.

Comparison with Experiments

The experimental data of a detailed study of the shock-
wave reflection phenomenon? were used to check the ac-
curacy of the present method for predicting x’. The ex-
periments were performed using the 10x18 cm UTIAS
Hypervelocity Shock Tube. The process was recorded using a
23 cm-diam field of view Mach-Zehnder interferometer
equipped with a giant-pulse, dual-frequency ruby laser.

Figure 11 is a reproduction of Fig. 9 for 6, =30 and 40 deg
that lie in the DMR domain (Fig. 2). While a very good
agreement is obtained for 8, = 30 deg over the entire range of
Mg, for 8, =40 deg the agreement is good only for M <7. In
the range M,>7 the experimental values of x’ are smaller
than the analytically predicted value. This we believe is
probably due to the fact that in Eq. (47) (by which x’ is
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Fig. 10 Graphical solution of DMR: a) shock-polar presentation of
DMR in pressure-deflection (P,0) plane, nitrogen, M, =4.68, § , =40
deg, x=4.8 deg, P, =15 Torr, T, =297.4; b) schematic diagram
showing rotation involved in moving frame of reference from 7'to T,.
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Fig. 11 Verification of x’ as function of M, and 0 : solid lines show
imperfect nitrogen P,=15 Torr, T,=300 K; dashed lines show
perfect diatomic gas y = 7/5 (all data points are from present study).

predicted) we made use of Eq. (34) which is based upon the
empirical Eq. (33) found by Bazhenova!® to be very good in
the range 6,, <40 deg and only fairly good elsewhere. It
should be mentioned, however, that all of the experimental
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results lie between the perfect and the imperfect values. This

‘might suggest that the flow is neither perfect nor in thermo-

dynamic equilibrium, but in an intermediate nonequilibrium
state.

Conclusions

During the present investigation the following have been
achieved:

1) The equations describing the DMR were given and their
solution (analytical) was presented.

2) The relative motion of the second triple point with
respect to the first triple point was investigated and for-
mulated empirically.

3) The graphical solution (shock-polar presentation) of a
DMR was given.

4) An analytical method for the prediction of the second
triple-point trajectory angle was developed. The results were
compared with actual experiments and good agreement was
obtained.

Consequently, it can be summarized that our recon-
sideration of DMR complements the existing work on RR and
SMR. It has brought understanding to this important problem
which is the building block of much more complicated
processes involving blast and detonation waves.

it is worthwhile mentiening that two assumptions (both
initiated by Law and Glass!’) were used in developing the
analyses for the predictions of the first and second triple-point
trajectory angles. The Mach stem was assumed to be straight
and normal to the wedge surface, and the location of the
second triple point was assumed to follow Eq. (33). Un-
fortunately, these two assumptions are not accurate enough
over the entire range of 8,,. While the first assumption is
better for large wedge angles, >3 the second is very good only
in the range 6, <40 deg.!® Consequently, better method for
the prediction of x and x ' are still required.
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